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of the cluster, Mclump needed to have N∗(> Mthresh) ≥ 1.
For a Salpeter IMF (ξ(M) ∝ M−2.35), with Mmin = 0.1 M⊙

and Mmax = 100 M⊙, we find Mclump = 1.3 × 104 M⊙

for N∗(> Mthresh) = 1. Once the nuclear star cluster in
the simulation reaches this fiducial mass of 1.3 × 104 M⊙,
we allow the simulation to run for tlag = 3.5 Myrs before
we extract the clump, consistent with Devecchi & Volonteri
(2009). Note that the stellar IMF at high redshift is un-
known and the chosen value of Mclump will change consid-
erably based on the choice of IMF. However, given that our
chosen value of Mclump is much lower than the masses of
observed nuclear star clusters, this is a rather conservative
assumption.

2.2 Results from the cosmological simulation

In order to model the formation of a Pop. II star cluster,
we identify a collapsing cloud of gas in close vicinity to an-
other already collapsed object. This allows for the first halo
to undergo an episode of Pop. III star formation and en-
rich the surrounding gas, post supernova, to a level suitable
for forming Pop. II stars. The secondary collapsing object,
however, must be located at a sufficient distance such that
the radiation feedback from the first episode of Pop. III star
formation does not disrupt the collapse.

2.2.1 The collapse of two mini-halos in close separation

A halo of Mvir = 2.48 × 107 M⊙ was identified at z = 20
in the dark matter-only simulation with comoving box size
500 kpc/h. The member particles were traced back to the
initial conditions where they were centered and the simula-
tion was reinitialized with baryons. Within this larger halo,
two mini-halos were identified with a distance such that the
first collapsing object can enrich the second with metals.

At the time of collapse, the first mini-halo has a virial
mass Mvir = 2.7 × 105 M⊙, a virial radius Rvir = 62 pc2,
and a baryon fraction of 14.2 per cent. This halo begins to
collapse at z = 31.6 and is the first object to collapse in the
entire simulation volume.

If we assume that the average mass of Pop. III stars is
40 M⊙, the average lifetime of the system prior to super-
nova explosion is 3.9 Myr (Schaerer 2002). We model this
by implementing a metallicity floor of 10−4 Z⊙ at z = 30.7.
The simulations of Ritter et al. (2012) model the transport
of metals explicitly from the supernova of Pop. III stars and
demonstrate that the surrounding medium can be enriched
to metallicities as high as 10−2 Z⊙. The metal enrichment
extends all the way to the virial radius of the halo in only 8.5
Myr. The outflow is expected to be bipolar and the dense fil-
aments feeding the halo should be only minimally enriched.
The first mini-halo studied here is less massive than the halo
in Ritter et al. (2012). We may therefore expect more mix-
ing along the filaments as the outflow should be less impeded
by gas in the central regions of the halo in our simulation.

At z = 28.9, the second object begins its collapse at a
distance of 117 pc from the center of the first mini-halo and
slightly outside its virial radius. This occurs 12.9 Myr after

2 The virial radius is calculated assuming that the average den-
sity of the object equals 200ρcrit.

Figure 1. Snapshot of the two mini-halos 8.5 Myr after the col-
lapse of the second object. The secondary collapsing halo is cen-
tered.

the collapse of the first object. This leaves sufficient time
for the first object to form Pop. III stars and enrich the
surrounding material with metals. The first mini-halo has
since grown to Mvir = 8.33× 105 M⊙ with Rvir = 97 pc and
a baryon fraction of 16 per cent. The second object is falling
into the potential well of the first mini-halo along a dense
filament (see Figure 1) and the two objects will eventually
merge.

Assuming a population of 40 M⊙ Pop. III stars, we can
estimate the expected intensity of the Lyman-Werner radi-
ation at the location of the second mini-halo as,

J21 = 1021
Nphhp

4π2r2
, (2)

where J21 is in units of 10−21erg cm−2 s−1 Hz−1 sr−1, Nph =
Q̄N∗fesc is the total number of photons emitted per second
which escape the galaxy for a population of N∗ Pop. III stars
with mass of 40 M⊙, Q̄ = 2.903 × 1049 photons/s (Schaerer
2002) for a 40 M⊙ Pop. III star, fesc is the escape fraction,
and hp is Planck’s constant. For fesc = 0.1 and a separation
of 117 pc, we find J21 = 0.937N∗ .

Regan et al. (2014b) have demonstrated that for an
anisotropic Lyman-Werner source, the critical value of J21

needed to completely dissociate H2 and keep the gas from
cooling is J21 ≈ 103. This would require ≈ 4.3 × 104 M⊙

in Pop. III stars which is greater than the entire baryonic
mass of 3.3× 104 M⊙ present within the virial radius of the
halo at collapse. Our simulations do not include metals and
dust which should be present in the second mini-halo and
will help the gas cool and catalyze the formation of H2. One
zone models predict a lower critical value of J21 needed to
disrupt the formation of HD which is the dominant coolant
below ≈200K (Wolcott-Green & Haiman 2011). This is be-
cause the main formation channel of HD, H2 + D+ → HD
+ H+, requires the presence of H2 which is lowered by the
exposure to the meta-galactic UV background. Given the
low mass of the first mini-halo and the initial separation of
the objects when the secondary collapses, it is unlikely that
the radiative feedback from the first mini-halo will signifi-
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Figure 6. Left. Number of binaries as a function of time for a representative NBODY6 simulation with the top-heave Saltpeter IMF, with
no initial binaries or primordial mass segregation, that results in a VMS with a mass of MVMS = 455.1 M⊙ after 9 separate collisions.
The time at which the VMS undergoes a collision/merger is indicated with a vertical line where black represents a binary collision and
red represents a hyperbolic collision. Right. The mass of the collisional runaway as a function of time for the same simulation. The solid
vertical line is the lifetime of the most massive stars in the cluster and the point at which the simulation is stopped. The light and dark
gray regions represent the mass ranges where PISNs and IMBHs potentially form. In each panel, the time at which the VMS underwent a
collision/merger is indicated with a dashed vertical line where black represents a binary collision and red represents a hyperbolic collision.

lation, the effective SFE at the end of the N-body simulation
drops to 57 per cent, 10 per cent lower than the initial value.
The impact of varying the SFE on our results is further dis-
cussed in Appendix C where we relax the assumption of
ϵ = 2/3.

3.1.6 Possible outcomes of runaway collisions

There are three possible outcomes of the cluster evolution
that we are interested in identifying, 1) when collisional run-
away results in the formation of a VMS with M > 260 M⊙,
2) when stellar collisions result in the formation of a pair-
instability supernova (PISN) which occurs when mergers
produce a star with 150 < M < 260 M⊙, and 3) when col-
lisions do not lead to efficient runaway growth and no star
exceeds the PISN mass threshold. In order to sample the
probability of each outcome, we generate multiple realiza-
tions of each set of initial conditions.

The runaway collision process begins when the high
mass stars sink to the center of the cluster and dynamically
form binaries. Encounters with other stars perturb these bi-
naries by either three- (or many-) body scattering or by bi-
nary exchanges. The semi-major axis of the dominant binary
continues to shrink as the system loses energy due to these
encounters and if the eccentricity becomes high enough, the
two stars merge. This process of binary capture followed by
a merge repeats until the core evolves to sufficiently low den-
sity or the supernovae from the first massive stars disrupt
the cluster. To demonstrate this process in practice, we show
in Figure 6 the number of binaries as a function of time as
well as the mass evolution of the collisional runaway star
for a representative star cluster simulation which forms a
VMS with a mass of MVMS = 455.1 M⊙ after 9 separate
collisions. We indicate the times of a collision and see that
most of these coincide with the points at which the num-

ber of binaries changes. The two specific instances where
the collision time is not related to a change in number of
binaries occur when the VMS undergoes a hyperbolic colli-
sion. The masses of the secondary objects in these types of
collision tend to be small with the average secondary mass
of the hyperbolic collision being 1.05 M⊙ compared to the
average mass of the secondary star in binary collisions being
56.2 M⊙. Hence, the hyperbolic collisions tend to contribute
negligible amounts of mass to the overall mass of the VMS.

3.2 Results of the direct N-body simulations

3.2.1 Non-spherical N-body simulations

We begin by studying the non-spherical star clusters which
are set up to reproduce the mass distribution obtained from
the cosmological simulations.

3.2.1.1 Varying the density profile, Q and D In
Table 1 we list the initial conditions of all of the models
sampled in this section as well as the results. We fix the
stellar IMF to a top-heavy Salpeter IMF (TH Salp) such
that Mmin = 1 M⊙, Mmax = 100 M⊙ and α = −2.35. For
each of these models 50 realizations have been run. The frac-
tion of models which produce a VMS does not exceed 12 per
cent and the most massive VMS have masses in the range
275-410 M⊙. The average number of collisions for these mod-
els is rather low. This prohibits collisional runaway in the
majority of realizations. In Figure 7, we plot the core num-
ber density4 for this initial set of models and see that it
increases extremely quickly within the first 0.25 Myr and

4 The core radius is computed following Casertano & Hut (1985)
where the density at each particle is calculated using the five
nearest neighbours.
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ayoshi & Omukai 2012; Agarwal et al. 2012, 2013; Hosokawa
et al. 2013). This scenario is also supported by detailed nu-
merical simulations (Regan & Haehnelt 2009; Regan et al.
2014; Mayer et al. 2010; Choi et al. 2013; Latif et al. 2013;
Johnson et al. 2014; Inayoshi et al. 2014; Agarwal et al.
2014). One of the main requirements of this scenario is a
strong UV background radiation with J21 & 100 in units
of 10�21 erg s�1 cm�2 Hz�1 and very low metallicity
(Z . 10�5 Z�) (Omukai et al. 2005, 2008; Dijkstra et al.
2008; Agarwal & Khochfar 2015; Sugimura et al. 2014; In-
ayoshi & Tanaka 2014).

Recently Mayer et al. (2010) showed in high-resolution
simulations that another suggested path to the formation of
MBHs via major mergers of galaxies could work. Their sim-
ulations showed that a large amount of gas in disc galaxies
falls down to the galactic centres due to angular momen-
tum loss by tidal force, and massive high-density gas clumps
form. They suggest that the gas clouds directly collapse into
MBHs.

In addition, Inayoshi et al. (2015) suggested that SMSs
could form in merging primordial haloes due to collisional
dissociation of H2 in the compressed high-density regions.
The outcome of the collapse depends sensitively on the equa-
tion of state of the gas. If radiative cooling quickly occurs, a
collapsing gas cloud fragments and forms a dense star clus-
ters instead (e.g., Regan & Haehnelt 2009; Ferrara et al.
2013).

In such dense star clusters MBHs form due to interac-
tions between stars and BHs via a series of stellar merging
and tidal disruption events (e.g., Rees 1978). Direct numer-
ical simulations by Portegies Zwart & McMillan (2002) sup-
port this view and show that compact dense star clusters
cause core-collapse and make very massive stars (VMSs) of
⇠ 1000 M� within the typical lifetime of massive stars (see
also, Fujii & Portegies Zwart 2014).

Very recently Katz et al. (2015) followed the merging
processes of metal enriched haloes in detailed cosmologi-
cal hydrodynamics simulations and showed the formation of
high-density gas clumps which are potential sites of dense
star clusters leading to the formation of VMSs. In this work,
we investigate the possibility of the formation of MBHs via
the formation of VMSs and subsequent growth by stellar
relaxation processes in merging galaxies at z > 6.

Our paper is organized as follows. We describe our
model in Section 2. In Section 3, we show the masses of
VMSs as a function of halo mass, and the final BH masses,
and the mass function of MBHs. In Section 4, we investigate
the e↵ects of Population III stars and the nature of metal
poor globular clusters. Finally, in Section 5, we summarize
our main conclusions.

2 MODEL

The starting point of our model is the formation of compact
star clusters in major mergers (M1/M2 < 3.5, M1 > M2)
of gas-rich disc galaxies. It has been shown in a series of
numerical simulations that during such events gas initially
in a rotationally supported disc looses angular momentum
and collapses toward the potential minimum of the merger
remnant (Barnes & Hernquist 1996; Springel et al. 2005; Di
Matteo et al. 2005; Naab et al. 2006; Hopkins et al. 2006; Cox

et al. 2006; Li et al. 2007; Mayer et al. 2010). This gas will
reach high densities on short time scales and be available to
fuel star formation in the centre. The low amount of angular
momentum facilitates the formation of compact star clusters
(Regan & Haehnelt 2009).

The progenitor disc is assumed to relate to the hosting
dark matter halo viaRd ⇠ �Rvir (e.g., Mo et al. 1998), where
� and Rvir are spin parameter and virial radius, respectively.
In this work, we assume � = 0.05, however, our results are
not depending on the specific choice of � as we will show
below.

We model the progenitor discs of merging galaxies as a
Mestel, isothermal profile, i.e., ⌃(R) = ⌃0(Rd/R), where ⌃0

and Rd are scale parameters and estimated as a function of
halo properties (Mo et al. 1998; Devecchi et al. 2010),

⌃0 = 70

✓
Vh

15 km s�1

◆
M� pc�2,

Rd = 100

✓
�

0.05

◆✓
Rvir

700 pc

◆
pc.

(1)

Here Vh is the circular velocity.
The amount of inflowing gas during the merger is esti-

mated using the prescription in Hopkins et al. (2009), which
assumes that during the merger a gaseous and stellar bar
develop which are out of sync and exert a torque on each
other. The resulting mass inflow of gas is then estimated by,

Minf = 2⇡⌃0RdVh(1� fgas)fdisc bar�⌧, (2)

where fgas is the gas fraction in the disc, fdisc is the fraction
of the disc mass to the total mass including bulge and dark
matter (⇠ �: van den Bosch 2001),  bar is the mass fraction
of stars in the bar, and �⌧ is the time since the merger. We
assume fgas = 0.9, i.e., 10% of the disc is in stars before the
merger takes place. The mass of the resulting star cluster
increases with decreasing fgas, leading to formation of more
massive BHs as we will show below. As suggested in Hopkins
et al. (2009), we set  bar = 1.

We consider the initial 3 Myr after the merger, which
corresponds to the life time of massive stars and the onset
of supernovae feedback which will halt star formation in the
star cluster.

Once mass inflow occurs the inner structure of the disc
will change. Here we focus on much smaller region at galactic
centers than galactic disk scales, hence assume spherical gas
distribution. Before going to collapse into star clusters, we
approximate the density profile of clouds with a singular
isothermal profile,

⇢gas =
c2s

2⇡Gr2
(3)

where cs is a sound velocity of which we use the virial
temperature. By integrating the density profile, we deter-
mine the radius of star clusters, i.e., Minf =

R rcl
0

4⇡r2⇢gasdr,
hence,

rcl = 0.22 pc
⇣ �s

10 km s�1

⌘�2
✓

Minf

105 M�

◆
. (4)

In general, star formation rate can be estimated by Ṁstar ⇠
⌘

Mgas

tdyn
where ⌘ . 0.05 is the star formation e�ciency (e.g.,

Krumholz et al. 2012). The dynamical time of our mod-
eled gas clouds is typically . 104 yr which is much shorter
than 3 Myr. Therefore, we assume that Mcl ⇠ Minf . On
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ayoshi & Omukai 2012; Agarwal et al. 2012, 2013; Hosokawa
et al. 2013). This scenario is also supported by detailed nu-
merical simulations (Regan & Haehnelt 2009; Regan et al.
2014; Mayer et al. 2010; Choi et al. 2013; Latif et al. 2013;
Johnson et al. 2014; Inayoshi et al. 2014; Agarwal et al.
2014). One of the main requirements of this scenario is a
strong UV background radiation with J21 & 100 in units
of 10�21 erg s�1 cm�2 Hz�1 and very low metallicity
(Z . 10�5 Z�) (Omukai et al. 2005, 2008; Dijkstra et al.
2008; Agarwal & Khochfar 2015; Sugimura et al. 2014; In-
ayoshi & Tanaka 2014).

Recently Mayer et al. (2010) showed in high-resolution
simulations that another suggested path to the formation of
MBHs via major mergers of galaxies could work. Their sim-
ulations showed that a large amount of gas in disc galaxies
falls down to the galactic centres due to angular momen-
tum loss by tidal force, and massive high-density gas clumps
form. They suggest that the gas clouds directly collapse into
MBHs.

In addition, Inayoshi et al. (2015) suggested that SMSs
could form in merging primordial haloes due to collisional
dissociation of H2 in the compressed high-density regions.
The outcome of the collapse depends sensitively on the equa-
tion of state of the gas. If radiative cooling quickly occurs, a
collapsing gas cloud fragments and forms a dense star clus-
ters instead (e.g., Regan & Haehnelt 2009; Ferrara et al.
2013).

In such dense star clusters MBHs form due to interac-
tions between stars and BHs via a series of stellar merging
and tidal disruption events (e.g., Rees 1978). Direct numer-
ical simulations by Portegies Zwart & McMillan (2002) sup-
port this view and show that compact dense star clusters
cause core-collapse and make very massive stars (VMSs) of
⇠ 1000 M� within the typical lifetime of massive stars (see
also, Fujii & Portegies Zwart 2014).

Very recently Katz et al. (2015) followed the merging
processes of metal enriched haloes in detailed cosmologi-
cal hydrodynamics simulations and showed the formation of
high-density gas clumps which are potential sites of dense
star clusters leading to the formation of VMSs. In this work,
we investigate the possibility of the formation of MBHs via
the formation of VMSs and subsequent growth by stellar
relaxation processes in merging galaxies at z > 6.

Our paper is organized as follows. We describe our
model in Section 2. In Section 3, we show the masses of
VMSs as a function of halo mass, and the final BH masses,
and the mass function of MBHs. In Section 4, we investigate
the e↵ects of Population III stars and the nature of metal
poor globular clusters. Finally, in Section 5, we summarize
our main conclusions.

2 MODEL

The starting point of our model is the formation of compact
star clusters in major mergers (M1/M2 < 3.5, M1 > M2)
of gas-rich disc galaxies. It has been shown in a series of
numerical simulations that during such events gas initially
in a rotationally supported disc looses angular momentum
and collapses toward the potential minimum of the merger
remnant (Barnes & Hernquist 1996; Springel et al. 2005; Di
Matteo et al. 2005; Naab et al. 2006; Hopkins et al. 2006; Cox

et al. 2006; Li et al. 2007; Mayer et al. 2010). This gas will
reach high densities on short time scales and be available to
fuel star formation in the centre. The low amount of angular
momentum facilitates the formation of compact star clusters
(Regan & Haehnelt 2009).

The progenitor disc is assumed to relate to the hosting
dark matter halo viaRd ⇠ �Rvir (e.g., Mo et al. 1998), where
� and Rvir are spin parameter and virial radius, respectively.
In this work, we assume � = 0.05, however, our results are
not depending on the specific choice of � as we will show
below.

We model the progenitor discs of merging galaxies as a
Mestel, isothermal profile, i.e., ⌃(R) = ⌃0(Rd/R), where ⌃0

and Rd are scale parameters and estimated as a function of
halo properties (Mo et al. 1998; Devecchi et al. 2010),

⌃0 = 70

✓
Vh

15 km s�1

◆
M� pc�2,

Rd = 100

✓
�

0.05

◆✓
Rvir

700 pc

◆
pc.

(1)

Here Vh is the circular velocity.
The amount of inflowing gas during the merger is esti-

mated using the prescription in Hopkins et al. (2009), which
assumes that during the merger a gaseous and stellar bar
develop which are out of sync and exert a torque on each
other. The resulting mass inflow of gas is then estimated by,

Minf = 2⇡⌃0RdVh(1� fgas)fdisc bar�⌧, (2)

where fgas is the gas fraction in the disc, fdisc is the fraction
of the disc mass to the total mass including bulge and dark
matter (⇠ �: van den Bosch 2001),  bar is the mass fraction
of stars in the bar, and �⌧ is the time since the merger. We
assume fgas = 0.9, i.e., 10% of the disc is in stars before the
merger takes place. The mass of the resulting star cluster
increases with decreasing fgas, leading to formation of more
massive BHs as we will show below. As suggested in Hopkins
et al. (2009), we set  bar = 1.

We consider the initial 3 Myr after the merger, which
corresponds to the life time of massive stars and the onset
of supernovae feedback which will halt star formation in the
star cluster.

Once mass inflow occurs the inner structure of the disc
will change. Here we focus on much smaller region at galactic
centers than galactic disk scales, hence assume spherical gas
distribution. Before going to collapse into star clusters, we
approximate the density profile of clouds with a singular
isothermal profile,

⇢gas =
c2s

2⇡Gr2
(3)

where cs is a sound velocity of which we use the virial
temperature. By integrating the density profile, we deter-
mine the radius of star clusters, i.e., Minf =

R rcl
0

4⇡r2⇢gasdr,
hence,

rcl = 0.22 pc
⇣ �s

10 km s�1

⌘�2
✓

Minf

105 M�

◆
. (4)

In general, star formation rate can be estimated by Ṁstar ⇠
⌘

Mgas

tdyn
where ⌘ . 0.05 is the star formation e�ciency (e.g.,

Krumholz et al. 2012). The dynamical time of our mod-
eled gas clouds is typically . 104 yr which is much shorter
than 3 Myr. Therefore, we assume that Mcl ⇠ Minf . On
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Krumholz et al. 2012). The dynamical time of our mod-
eled gas clouds is typically . 104 yr which is much shorter
than 3 Myr. Therefore, we assume that Mcl ⇠ Minf . On
the other hand, before supernovae occurs, radiative feed-
back may reduce the conversion e�ciency from gas to stars
due to photo-evaporation of gas. Hence, we also study the
case of Mcl = 0.3Minf .

The star clusters undergo core-collapse, and massive
stars migrate toward the centre of the star cluster. Recent N-
body simulations show that the time scale of core-collapse
is similar to that of dynamical friction (Fujii & Portegies
Zwart 2014),

tCC ⇠ tdf =
1.91
ln(⇤)

R2
cl�

0

Gmmax
(5)

where ln(⇤) is the Coulomb logarithm, �0 is three dimen-
sional velocity dispersion of stars and mmax is the maximum
mass of stars based on the initial stellar mass spectrum. We
assume that the stellar cluster is that of a King profile and
use a Salpeter initial mass function with the mass range of
m = 0.1� 100 M�. Due to core-collapse, the stellar density
at the centre quickly rises. As a result, at the centre, stars
frequently collide with each other and coalesce, resulting in
the formation of very massive stars (VMSs) of ⇠ 1000 M�
(Portegies Zwart & McMillan 2002). Numerical simulations
estimate the final mass of such VMS as (Portegies Zwart &
McMillan 2002):

MVMS = mmax + 4⇥ 10�3Mclfcln(⇤)ln

✓
3 Myr
tCC

◆
(6)

where Mcl is the mass of the star cluster, and fc is the fac-
tor used to calibrate the analytical estimate against direct
N -body simulations (fc = 0.2; Portegies Zwart & McMillan
2002). Here we assume that Mcl ⇠ Minf . If the core-collapse
time scale tCC is longer than 3 Myr, stars will explode as
type-II supernovae and we set MVMS = mmax. Following
Portegies Zwart & McMillan (2002) and Fujii & Portegies
Zwart (2014), we use a King profile with W0 = 3 for the stel-
lar density distribution of our model star clusters. If the mass
of the VMSs are greater than ⇠ 260 M�, VMSs directly col-
lapse to BHs (Heger & Woosley 2002). After core-collapse,
star clusters can shrink by a factor of a few (Fujii & Porte-
gies Zwart 2014), massive stars tend to distribute near the
centres of star clusters due to mass segregation. We here will
use the initial state of the star cluster in our calculations,
noting that the calculated growth rates will be lower lim-
its based on the fact that we do not take into account core
collapse and mass segregation in the cluster. Subsequent dis-
ruptions of stars by the BH deplete the loss cone and drive
the growth of the BH to a halt. However, the loss cone can
be refilled by stars that loose angular momentum and mi-
grate towards the centre or have a high ellipticities. In this
work, we consider angular momentum transport due to re-
laxation processes between stars. We will focus on two main
types of relaxation processes, resonant and non-resonant.

Two-body relaxation (non-resonant:NR) takes place
over a time scales of (e.g., Binney & Tremaine 2008; Kocsis
& Tremaine 2011),

tNR(r) = 0.34
�3

G2⇢m2ln(⇤)
, (7)

where ⇢ is the stellar density, and m2 =< m2 > / < m >

is the e↵ective mass. For a Salpeter IMF int the mass range
0.1� 100 M�, m2 = 4.8 M�.

The second relaxation process we consider is resonant
relaxation (RR). Stars close to MBH move on Kepler orbits.
These stars cause wire-like fluctuation in the gravitational
potential governed by the MBH, and induce perturbations to
stellar orbits. In particular, stars on the same plane exchange
angular momentum via scaler RR resulting in a change of el-
lipticities of the orbits. As a result, stars with high ellipticity
enter within the tidal radius of the central MBH and will be
disrupted by it. The e↵ect of scaler RR can be suppressed by
mass and general relativistic precession (Hopman & Alexan-
der 2006), in contrast to the classical Keplarian case.

The scalar RR time scale is estimated by (Hopman &
Alexander 2006),

tsRR(r) =
ARR

N(< r)

✓
MBH

Mstar

◆2

P 2(r)

����
1
tM

� 1
tGR

���� . (8)

where ARR is a numerical factor of order unity (⇠ 3.56;
Rauch & Tremaine 1996), P (r) = 2⇡[r3/(GMBH)]

1/2, tM
and tGR are the mass and general relativistic precession
time scales. Following Hopman & Alexander (2006), we es-
timate the mass and general relativistic precessions as fol-

lows, tM = AM
MBH

N(r)Mstar
P (r), and tGR = 8

3

⇣
cJ

4GMBH

⌘2

P (r),

where AM = 1 is assumed. The shorter of the two relaxation
time scales is used to estimate the loss cone refilling and
growth of BHs,

trelax(r) = min(tNR, t
s
RR). (9)

At radii where the interior mass is dominated by the
stars and not the BH we only consider tNR, because the
stellar orbits are not Keplerian anymore. Over the relax-
ation time scale Trelax, the angular momentum of stars is
transported, and hence, the loss-cone is refilled, causing the
growth of BHs. We estimate the BH mass by integrating the
stellar density profile and time evolution as follows (see also
Chen & Liu 2013),

MBH(t) = M init
BH +

Z t

0

dt

Z Rcl

0

4⇡r2⇢star(r, t)
trelax(r, t)

dr. (10)

3 RESULTS

3.1 Formation of very massive stars

Figure 1 shows the predicted mass of VMSs based on Eq. 6 as
a function of the halo mass of the remnant. Most notably the
mass of VMSs drops beyond halo masses of Mh ⇠ 108.5�9.
This is a direct consequence of the increasing core collapse
time scale tCC in larger haloes. The di↵erence in predicted
masses of VMSs as a function of redshift is again related
to the longer core-collapse time scales at high low redshifts,
which result in systematic lower masses. Once the core col-
lapse time scale is larger than the life time of massive stars,
i.e. 3 Myr, we assume that collisions between stars become
negligible during the life-time of the star, and no VMS is
formed. The long relaxation times would even in the case
that a remnant black hole forms, be too long to grow it e�-
ciently. The mass of VMSs increases with halo mass, because
the mass of star clusters increases with halo mass in our
model. However, with increasing cluster mass and radius,
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